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Nonlinear Model Predictive Motion Control of Linear Motor Drive for
Micro/Nano-Positioning Applications*

Ager Paul1, Ibrahim Küçükdemiral1 and Gerain Bevan1

Abstract— This paper presents an offset-free nonlinear model
predictive controller (NMPC) for linear motor drive system
which have been proposed to address the challenges of their
rotary counterparts in precision linear motion control. The
main challenges associated with the linear motors is that they
are more sensitive to disturbances and parameter variations.
The frictional force which affects the drive system is nonlinear
and discontinuous. Since it is not possible to generate a
discontinuous motor force to achieve desired tracking control,
a continuous friction model is used to approximate the actual
discontinuous friction model. Extant studies [1], [2] proposed
predictive control of linear motors but focused on positioning
in the meter range. Here, we propose an offset-free NMPC
for micro-positioning applications in which the unmodelled
nonlinear functions and the external disturbances are modelled
as the integrating disturbance state that is estimated using an
extended Kalman filter while the inherent robustness of NMPC
is relied on to handle the parametric uncertainties. Numerical
simulations are used to show the effectiveness of NMPC in
controlling the linear drive system for precise motion tracking
in the micrometer range.

I. INTRODUCTION

In the past decade, nanotechnology has become a crucial
method in modern manufacturing processes such as machine
tools, automatic inspection machines, semiconductor man-
ufacturing equipment [3]. In these process, high-speed and
high accuracy is usually desired and a traditional method
of achieving this is through rotary motors with mechanical
transmission mechanisms such as lead screw and reduction
gears. The main setbacks of such mechanical transmission
mechanisms are that they lead to significant reduction of
linear motion speed and dynamic response, significant back-
lash, large inetial loads frictional force, and limited structural
flexibility [4], [5]. The accuracy that can be achieved by
a control system is therefore physically limited by the
structural flexibility and backlash [4]. Direct drive linear
motors which eliminate the need for mechanical transmission
system were then widely investigated and proposed for high
precision positioning systems [6], [7], [8].

Generally, the linear drive motors have the following
advantages over the rotary type [4]: (i) less friction
and no backlash, leading to higher accuracy; (ii) there
is no mechanical limitations on achievable velocities
and acceleration as these are only limited by the power
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electronics; (iii) mechanical simplicity, higher reliability
and longer lifetime. Despite these advantages of the linear
direct-drive motors, it loses some of the merits associated
with the use of mechanical transmission systems such
as model parameter reduction as well as minimising the
potential impact of external disturbances [9]. Thus, in
order for a linear motor system to be able to deliver its
high-speed/high-accuracy potential, controllers have been
widely proposed to achieve the high performance potential
despite the parametric uncertainties and disturbance effects.
A great deal of research works have been devoted to solving
the difficulties associated with the control of linear motors.

In [6] a comprehensive design method for the control
of linear motor driven machine tool axes was proposed and
H∞ optimal feedback control is used to provide dynamic
resistance to external disturbances such as cutting forces
in machining. Feedforward technique was also proposed
[10] for to improve the tracking performance of the system.
However, [4] pointed out that H∞ techniques may be
conservative for high-speed/high-accuracy tracking control
and there is no systematic approach that can be used
to translate practical plant uncertainty information and
modelling uncertainties into quantitative terms that allow
the use of H∞ approaches. In [11], [12], a disturbance
observer-based (DOB) acceleration control method was
proposed for the compensation of external disturbances
to make the linear motor drive system robust to model
uncertainties. In [13], it was theoretically and experimentally
shown that the DOB approach was not able to adequately
handle the discontinuous disturbances such as Coulomb
friction. Some studies have also focused on addressing
nonlinear effects of ripple and cogging forces. For example,
in [9], feedforward compensation terms which are based
on offline experimentally identified model of first-order
approximation of ripple force were added to the position
controller. This approach based on offline identification
is flawed since all linear motors of the same types are
not identical and feed-forward compensation based on the
offline model may not be useful for each linear motor. A
neural network-based feedforward controller was proposed
in [14] to improve positional accuracy due to reproducible
ripple forces or any other slowly varying disturbances.
However, the technique does not guarantee closed-loop
stability.

Yao and Tomizuka proposed [15], [16] adaptive robust
control method for high-performance robust control

 



of uncertain nonlinear systems with both parametric
uncertainties and uncertain nonlinearities. In the approach,
the design techniques of adaptive control (AC) [17], [18]
and deterministic robust control (DRC) such as sliding
mode control [19] are combined and improve performance
is obtained by combining the advantages of Ac and DRC.
Based on comparative experimental results for trajectory
control of robot manipulators, the merit of the ARC was
established [20] and a more general theoretical framework
was then proposed for the ARC by Yao in [13]. The ARC
method was then applied to the high-speed/high-accuracy
motion control machine tools by conventional AC rotary
motors and comparative study was used to show that
the method outperformance traditional DOB method. The
merits of ARC over DOB stems from the fact that it is
able to better handle control saturation and large parameter
variations. In [4] the generalised ARC was applied to high
precision motion control of iron-core linear motors which
are well-known to have large magnitude of ripple forces.
In [21], [22], system identification techniques was used to
show that the electrical dynamics is negligible for a linear
motor drive stage and the ARC was used to handle both
parametric uncertainties and unknown nonlinearities.

Model predictive control (MPC) which was traditionally
designed for slow systems commonly seen in chemical
industries has also been employed for linear motors control
and this is aided by the development of fast solvers [23],
[24] and increased computational power of computers. In
[1], linear MPC was proposed for the tracking of piecewise
constant references by a linear motor. However, the paper
[1] focuses on a linear model of the motor which is not
desirable for the three-phase iron core linear motor [5],
[21]. The authors in [2] proposed a nonlinear MPC (NMPC)
for improving the positioning accuracy of an ironless linear
motor and the result showed significant improvement over
the PID- and linear MPC-based schemes. Motivated by the
findings of [2], this study proposes the use of NMPC in
reducing positioning error of current-driven iron core linear
motors whose model is inherently nonlinear. Moreover, the
studies by [1], [2] focused on positioning of systems in the
meter scales as opposed to the micro-meter scale considered
in this paper.

In terms of handling external disturbances and modelling
uncertainties, including parametric uncertainties, offset free
MPC which was first proposed in [25] have been widely
applied in different areas [26], [27], [28]. The offset-free
MPC is based on the assumption that the unmodelled system
dynamics and external disturbances can be treated a lumped
disturbances. The lumped disturbance is then included as an
integrating state and the resulting augmented states are esti-
mated from the measured outputs with the aid of an observer.
Whereas this technique was initially proposed for linear
systems, Morari and Maeder [29] extended the algorithm to
nonlinear systems. In this work, the offset-free NMPC de-
veloped in [29] is proposed for the high-speed/high-accuracy
linear motor drive stage control. Nonlinear and discontinuous

friction model is considered. Since it is not possible to
generate a discontinuous motor control to achieve desired
tracking control, a continuous friction model proposed by [4]
is employed to approximate the actual discontinuous friction
model. The unmodelled nonlinear functions and the external
disturbance are modelled as the integrating disturbance state
that is estimated using the extended Kalman filter while
we rely on the inherent robustness of NMPC to handle
the parametric uncertainties. As in [3], offset-free NMPC
was applied to tracking in the micrometer range and the
effectiveness of the method in achieving this is demonstrated
via simulations.

II. PRELIMINARIES

A. System Model and Problem Definition

This paper considers the current-driven three phase iron
core linear motor which is suitable for meeting the rapid
point-to-point motion requirement common in electronics
assembly industry. Considering the system with frequency
response indicate that within 100Hz, the system has a second
order dynamics. In this frequency range, the electrical dy-
namics is negligible compared to the closed-loop bandwidth
the can be obtained for the mechanical system [21]. Hence,
the mathematical model of the system can be given by

ẋ1 = x2 (1a)

Mẋ2 = u−Bx2 − fr + fd(t, x1, x2) (1b)

where x1 and x2 denote the position and velocity of the
inertial load in the drive system and are the states of the
system, u represents the control input voltage of he motor,
M represents the mass of the inertial load plus coil assembly,
B denotes the combined coefficient of viscous friction and
damping on the load, fr is the combination of stiction
and Coulomb friction, fd represent the lumped disturbances
affecting the system such as cutting force machining. It is
important to note that B and M are varying parameters due
to the change in conditions in the manufacturing process [4],
[21]. Although several friction models exist [30], [22], [31],
a simple but often adequate mathematical model for friction
that take stiction, Coulomb friction and Stribeck effect is
given as [21], [4]:

fr = −[fc + (fs − fc)e
−|ẋ2/ẋs|ξ ]sgn(x2) (2)

where fc is the minimum level of Coulomb friction, fs is
the level of static friction and the variables ẋs and ξ are
empirical parameters used in the description of the Stribeck
effect. In practice, the inaccuracy of the positioning stage and
ball bearing also make the frictional force to be dependent
on the position x1 rather than just the velocity as given in
Equation (2). Nevertheless, one can always lump the bounded
variation of the position-dependent friction into the external
disturbance, fd.

By defining the system state vector as x = [x1, x2]
T , the

nonlinear and uncertain model is given by

ẋ1 = x2 (3a)

 



ẋ2 = kfu− B̄x2 − f̄r + f̄d (3b)

where kf = 1
M , B̄ = B

M , f̄r = fr
M , and fd

M . Let yref (t)
represent the reference motion trajectory, the objective of
this study is to design an optimal control input u such that
the output y tracks yref (t) as close as possible despite the
various uncertainties and non-linearity in the model (3).

B. Performance Measures

This section presents the measures that will be used to
measure the quality of the control algorithms that will be
presented in this paper. the measures used are outlined as
follows:

• Tracking error root mean square (RMS) value will be
used to access the average overall tracking performance
of the control method. Let e = yref − y represent the
tracking error, then the RMS value of the tracking error
of the system under the control input u is given by

∥ e ∥RMS=

√√√√ 1

Ns

Ns∑
k=1

e(k)2 (4)

where Ns represent the runtime during the simulation.
• Maximum absolute value of the tracking error is used

as a second measure of the performance of the con-
trol methods. It gives an indication of the transient
performance of the system under a given controller.
Mathematically, it is given as

max|yref (k)− y(k)|, k = 1, . . . , Ns (5)

C. Benchmark Controller: PID with Feedforward

o better appreciate the performance of NMPC, a feedfor-
ward compensation PID (PID+FF) controller conventionally
used [5] for the control of the linear motor system is used
as a benchmark for the proposed NMPC. The controller is
given by

uPID(t) =θ1ÿ
ref + θ2x2 + θ3Sf (x2)−Kpe(t)

−Ki

∫ t

0

edt−Kdė
(6)

where θ1, θ2 and θ3 are constant parameters [5] which we
choose to be the nominal values of M,B and Af . It was
shown that the characteristic the PID gains Kp,Ki and Kd

can readily be determined by placing the closed-loop poles
of the characteristic equation

s3 +
Kd

θ1
s2 +

Kp

θ1
s+

Ki

θ1
(7)

in desired locations. Thus, the proposed NMPC is discussed
in the next section whose performance shall be accessed
based on the PID+FF described in this section.

III. NMPC DESIGN

This section presents the design of an offset-free model
predictive control strategy for the tracking control of the
linear motor drive system. The dynamics of the system (3)
can be represented in a general discrete form:

x(k + 1) = f(x(k), u(k), f̄d), y(k) = g(x(k), f̄d) (8)

where f(x(k), u(k) and g(x(k)) represent the dynamics
of the system (3). However, a challenge of controlling the
system (8) is that the lumped disturbance f̄d is not exactly
known and cannot be measured. Moreover, the model (8) has
uncertain system parameters, M and B. The design of an
offset-free nonlinear MPC was presented by [29]. Although
it was assumed that the dimensions of the system (8) may
be unknown, this paper assumes that the dimension of the
linear motor drive system is known and are given as follows:
dim(x) = nx, dim(y) = ny and dim(u) = nu. Since the
friction model (2) is discontinuous at x2 = 0 and there is
no way the linear motor can generate discontinuous motor
force, a simple continuous friction model is used to bypass
this technical difficulty. To compensate from the friction, the
approximate friction model f̄r = AfSf (x2) is used, where
Af is an uncertain amplitude and Sf (x2) is a continuous
function. Here, Sf = arctan(1000x2). To design a controller
for the system (8), we consider a nominal model of the plant
to be given as

x(k + 1) = fn(x(k), u(k)), y(k) = gn(x(k)) (9)

which means that the nominal model does not account for
the unknown disturbance which may be dependent on the
state x1. To account for the model mismatch and external
disturbances, the model (9) is augmented with an integrat-
ing disturbance model d(k) to account for the unmeasured
lumped disturbance f̄d to obtain the augmented model:

x(k + 1) = faug(x(k), u(k), d(k))

d(k + 1) = d(k) (10)

y(k) = gaug(x(k), d(k))

where d ∈ Rnd is used as the lumped disturbance model that
captures the effect of model mismatch and the disturbances
acting on the linear motor drive. Note that the disturbance
model does not necessarily have to accurately capture the real
disturbance f̄d acting on the system for offset-free control
[29]. In implementing the controller, the disturbance model
is estimated by designing an observer of the form:

x̂(k + 1) = faug(x̂(k), u(k), d̂(k)) + Lx[g(x(k), f̄d) (11)

−gaug(x̂(k), d̂(k))]

d̂(k + 1) = d̂(k) + Ld[g(x(k), f̄d)− gaug(x̂(k), d̂(k))]

where Lx : Rny 7→ Rnx , Ld : Rny 7→ Rnd with Lx(0) = 0
and Ld(0) = 0. The structure of the observer presented in
(11) because of it practical importance but the estimation can
be implemented using the Extended Kalman Filter (EKF)

 



which can readily be used for nonlinear systems. Although
previous researchers often neglect the need to consider the
constraints on the state and the input voltage, one can readily
incorporate them into the controller MPC design. Let the
vectors be constrained by

x(k) ∈ X, u(k) ∈ U (12)

with X and U representing compact sets that may originate
either from the physical limit of the system or the design
requirements. A model predictive controller (MPC) can be
designed using the augmented model (10). It is clear that the
MPC needs to adapt to the current disturbance estimate and
reference. To achieve this, it is important to introduce the
concept of target for the states and the control denoted as
(x̄, ū). The target of x1 is indeed yref while x2 can be set
to a meaningful arbitrary constant. At each sampling time,
given the initial state x0 = x̂(k), the current estimate of the
disturbance model d0 = d̂(k) and the target of the control
voltage ū, we can compute an optimal finite-horizon input
sequence υ∗ = (u∗

t , u
∗
t+1 . . . u

∗
t+N−1) as the solution to the

following optimisation problem:

υ∗ = arg min F (xN − x̄)
N−1∑
t=0

l(xt − x̄, ut − ū)

s.t. : xt+1 = faug(xt, ut, dt), t = 1 . . . N − 1 (13)

yt+1 = gaug(xt, dt) t = 1, . . . N − 1

xt+1 ∈ X, ut ∈ U, t = 1, . . . N − 1

where F : Rnx 7→ R+ with F (0) = 0 and l : Rnx × Rnu 7→
R+ with l(0, 0) = 0, xt, ut are the state and control
voltage at step t in the future, respectively. The solution
of the optimisation problem (13) is then applied to the
uncertain plant (3) in a receding horizon fashion. This means
that in every time step k where the solution is given as
υ∗(k) = (u∗

t , u
∗
t+1 . . . u

∗
t+N−1), the first elemment of the

optimal inputs is applied to the plant i.e. u(k) := u∗
t .

An important assumption of the control scheme is that
if the closed-loop system (8), (10) and (13) is subject to
an asymptotically constant reference and disturbance with
yref (k) → yref∞ , d(k) → d∞ as k → ∞, then all the
state converge; getting to the steady-state values y(k) →
y∞, u(k) → u∞. For details on other assumptions as well
as proofs for convergence and stability, refer to [29].

IV. SIMULATION STUDY

The model of the linear motor drive system is simulated
under different assumptions. It is important to point out
that unlike the approach used in [21], this work adopts
the actual model of the friction (2) in the simulation while
the approximate model is only used in the design of the
NMPC. The parameters of the frictional force and drive
system are adapted from [21] and they are presented in Table
I. The sampling period used is 1 milliseconds; prediction
horizon N = 6 and control horizon, Nu = 3. The tracking
error weight, Q = 10, 000 and the control weight R = 1.

The weight Q is choosen to be large so as to make the
transient response very fast as well as minimising tracking
error. Considering the augmented model of the form in (10)
that is linearised around the origin, the resulting model with
disturbance augmentation is computed as

A =

0 1 0
0 86.92 3.33
0 0 1

 , B =

 0
3.33
0

 (14)

Using the steady-state Kalman filter algorithm with weights
selected as Qn = 1000I and Rn = 10I , the gains are given
as

Ld =

[
86.9504
7558.117

]
, Ld = 0.0112 (15)

TABLE I
LINEAR DRIVE SYSTEM MODEL PARAMETERS AND FRICTIONAL MODEL

PARAMETERS

Parameter Nominal Value Range Unit
M 0.3002 0.2− 0.5 V(m/s2)−1

B 0.7954 0.5− 1.2 V(m/s)−1

Af 0.2689 0.15− 0.4 V
fs 0.01 - V
fc 0.006 - V
ẋs 0.001 - m/s
ξ 1 - -

With respect to the PID+FF parameters, θ1 = 0.3002,
θ2 = 0.7954 and θ3 = 0.2689. By selecting θ1 as the smallest
possible value of M as suggested in [5], all three poles of the
characteristic equation (7) can be placed on the same point
in the stabilising region of a system. By testing different pole
locations such as −100,−50 and −10, it is was found that
locations closed to -1 provided good performance. Hence,
the three poles were placed at approcimately −1.026 which
then yield the controller gains : Kp = 495,Kd = 500 and
Ki = 20.

A. Case Study 1

The simulation is performed based on the assumption that
the linear motor is subjected to parametric uncertainties in
M, B and Af whose range of values are shown in Table I.
Thus, this case study considers parametric uncertainties and
while f̄d is assumed to be due to the modelling error resulting
from the difference between f̄r = AfSf (x2) and (2). A
commonly used reference is the sinusoidal signal [4], [3].
Hence, the reference is chosen as yref = 5sin2πft, where
f represent the frequency of the signal in Hertz. By setting
f = 1Hz, the simulation results in Figure 1 is obtained. The
results show that NMPC more closely followed the reference
trajectory. As a result, was able to reduce the peak of the
tracking error of the PID with feedforward by more than
one-third.

Furthermore, a point-to-point trajectory is considered
which is a typical type of motion found in the manufac-
turing industry [22]. The trajectory and the system response
obtained due to NMPC action are shown in Figure 2 where
NMPC closely follows the setpoint. PID+FF resulted in
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Fig. 1. Case Study 1: NMPC and PID+FF controller response obtained
in the presence of parametric uncertainties and model mismatch with a
sinusoidal reference.
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Fig. 2. Case Study 2: NMPC and PID+FF system responses obtained in
the presence of parametric uncertainties and model mismatch with a point-
to-point reference motion.

greater overshooting which is not desirable. In both scenarios
shown in Figures 1 and 2, NMPC required significantly
lower amount of voltage when compared to PID+FF. The
performance of the two controllers summarised in Table II
shows the merit of NMPC.

TABLE II
CASE STUDY 1: PERFORMANCE COMPARISON OF NMPC AND PID+FF

USING RMS AND MAX VALUES OF ERRORS.

Reference Controller Error RMS Error MAX
(µm) (µm)

Sinusoidal (f = 1Hz) NMPC 10.010 5.1707
PID+FF 24.358 34.611

Point-to-point motion NMPC 130.74 120.14
(Figure 2) PID+FF 284.4 200.21

B. Case Study 2

This case study considers the lumped disturbances fd to
be modelled as the difference between the actual fr in (2)
and the model chosen as f̄r = AfSf (x2) plus uncertainty
in the measurement of the system states. To approximate
the uncertainty in measurement, we assume that the sensor
for measuring displacement has an an uncertainty of 5% of
the true displacement value while that of the velocity is 10%.
This is then used to simulate the measurement noise affecting
the system. As in the previous case study, we consider both
sinusoidal and point-to-point references and the obtained re-
sponses are given in Figure 3 and Figure 4. The results shows
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Fig. 3. NMPC and PID+FF system response obtained in the presence
of model mismatch and measurement uncertainties during point-to-point
motion.
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Fig. 4. NMPC and PID+FF system response obtained in the presence of
model mismatch and measurement uncertainties with a sinusoidal reference.

that NMPC can be resilient to measurement uncertainties as
well as model mismatch. In the point to point motion PID+FF
was unable to achieve any steady motion along the desired
trajectory when compared to NMPC which closely followed
the desired trajectory between 1s and 1.5s as well as 2 and
2.5 seconds. The performance of the controllers in terms of
RMS and Max error are summarised in Table III.

TABLE III
CASE STUDY 2: PERFORMANCE COMPARISON OF NMPC AND PID+FF

USING RMS AND MAX VALUES OF ERRORS.

Reference Controller Error RMS Error MAX
(µm) (µm)

Sinusoidal (f = 1Hz) NMPC 10.010 5.1707
PID+FF 24.358 34.611

Point-to-point motion NMPC 192.09 309.71
(Figure 2) PID+FF 242.80 353.78

To further test performance robustness of the proposed
NMPC to disturbances and its ability to deal with distur-
bances capable of introducing steady state offset, f̄d =
25 + 8rand(1) + 12cos(x2)(µV) is used to represent dis-
turbances due to unmodelled dynamics and external effects.
The disturbance is added to the system during the period
0.25 < t < 0.5s and the response obtained is shown in
Figure 5. As seen in the figure, during the period when
the disturbance was acting on the system, tracking error in
PID+FF reached 50µm when compared to that of NMPC
that stayed under 20µm. Moreover, NMPC showed less
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Fig. 5. Constant reference tracking by NMPC and PID+F in the presence
of disturbances modelled as f̄d = 25 + 8rand(1) + 12cos(x2)

susceptibility to the noisy effect of the external disturbance.
With respect to RMS of error, NMPC gave a value of 14.6µm
while PID+FF yielded 19.2µm, that is, 76% performance
improvement.

V. CONCLUSIONS AND FUTURE WORKS

This work presented the use of offset-free NMPC for
high-speed/high-accuracy linear motor drive control for mi-
cro/nanopositioning applications. The work show that by
using an appropriate approximation for the nonlinear, discon-
tinuous frictional force associated with linear drive system,
NMPC is able to provide a fast and accurate tracking
response even in the presence of parametric uncertainties.
In contrast, PID with feedforward compensation which is
widely used in the industry gives a slower response with
greater susceptibility to measurement noise and results in
higher tracking errors when compared to NMPC. Whereas
this study establishes the effectiveness of the NMPC for the
precision control of linear drive system, there is need to in-
vestigate the use of robust predictive control which can better
handle the parametric and nonlinear uncertainties. Moreover,
experimental validation of predictive control methods for the
high-speed/high-accuracy position tracking control needs to
be considered in the future studies.
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