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Abstract

Active suspension systems are critical components that play a decisive role
in improving ride comfort and maneuverability of vehicles. However, inevitable
road disturbances and parameter uncertainties, such as variation of the payload
mass and some suspension components, lead to control performance deterioration.
This paper synthesizes a tube-based model reference adaptive control (T-MRAC)
scheme to enhance the suspension performance of active vehicle suspension sys-
tems. The proposed paradigm substitutes the single trajectory generated by the
reference model in classical adaptive design with an optimal trajectory with a tube
reference model. To illustrate the feasibility of the developed control scheme, it is
applied to enhance the vertical dynamic performance of a quarter-car active sus-
pension system with parameter uncertainties and road disturbances. By using the
developed control approach, the ride comfort quality is improved, and the vehi-
cle handling and suspension safety objectives are fulfilled in different road situa-
tions. Comparative simulation results validate the efficiency of the proposed con-
trol strategy in providing desirable vibration suppression performance with less
control effort and maintaining the relative suspension deflection and relative tire
force constraints within the permissible ranges.

Keywords: Tube-based model reference adaptive control, Quarter-car active sus-
pension system, Vibration suppression, Stability analysis.
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1 Introduction
With the developments of industrial automation in recent years, vehicle suspension
systems have received a great deal of attention in industry and academia due to their
critical role in the chassis performance of vehicles [1]. The suspension system is ex-
pected to guarantee the vehicle’s maneuverability and provide satisfactory ride comfort
by absorbing the vibrations arising from the road surface excitations and ensuring road-
holding capability and suspension safety. Motivated by the desirable performance of
the model reference adaptive control (MRAC) approach, various literature studies have
investigated its performance in diverse linear and nonlinear practical systems [2,3](for
more literature review, see Supplementary material-Appendix A). Aiming to improve
the conventional MRAC in terms of closed-loop stability, asymptotical tracking, and
robustness against uncertainties and external disturbances, authors in [4] developed
the tube-based MRAC (T-MRAC) approach. To simultaneously achieve the desired
objectives, the developed scheme split the control signal into two main terms; an adap-
tive part and another part that corrects the control objective. In addition, an optimiza-
tion problem is formulated to find the newly determined correction control component.
However, although the method’s performance was verified using some simple single-
input single-output unstable systems [5], more extensive investigations on complex
practical systems are needed to validate its performance. The main contributions of
this paper are to develop a novel tube-based MRAC approach for multi-input multi-
output active suspension systems; a realistic design that guarantees ride comfort and
suspension safety and achieves better control performance with reduced control effort
in the presence of external disturbances compared to conventional methods. Moreover,
to validate the method’s applicability in practical applications, three different road pro-
files are conducted to simulate distinct practical road situations, as the bump-dip road,
random road, and sinusoidal profiles. Furthermore, the vibration suppression perfor-
mance of the developed adaptive control scheme is investigated, and superior simulta-
neous ride comfort, road handling, and suspension safety are guaranteed compared to
conventional MRAC [6] and SMC [7] approaches.

2 Problem Statement
The quarter-car active suspension system can be expressed as follows [8]

Mbz̈b = fa − K1 (zb − zw) −Cs (żb − żw) , (1a)
Mwz̈w = − fa + K1 (zb − zw) + Cs (żb − żw) − K2 (zw − zr) , (1b)

where the parameters’ specifications can be found in [8].
The dynamical equation (1) can be rewritten as Γ = [γ1, γ2, γ3, γ4]T = [zb − zw, zw −

zr, żb, żw]T , where γ1 and γ2 denote the body and the wheel displacement, respectively;
and γ3 and γ4 are the absolute vertical speed of the body and the wheel, respectively.
Given the above relationships, the state-space model can be written as Γ̇ (t) = AΓ (t) +

Bυ (t), where A ∈ <n×n and B ∈ <n×m are the unknown constant matrices, υ ∈ <m×1

and Γ ∈ <n×1 are the input and the state variable vectors of the system, respectively.
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Assumption 1. It is assumed that the vehicle’s speed is constant in the horizontal
direction. Thus, the vehicle’s vertical movements can be considered as white noise,
which is a suitable approximation for the actual conditions. All the state variables are
bounded and assumed to be available for measurement [9]. Also, the road surface
displacement rate żr is bounded and has a small amplitude. Thus it is considered as an
additive disturbance.

The suspension system has the following critical performance requirements to ful-
fill. I) Ride comfort: the vertical force arisen from road fluctuations should be effi-
ciently isolated from the vehicle’s body and passengers to achieve a desirable riding
quality and comfort. Hence, the suspension deflection should not surpass the permit-
ted maximums |zb − zw| ≤ zmax. II) Wheel-road connection: An essential objective for
vehicle handling and safe ride is the continuous wheel-road contact in the presence of
road irregularities. The dynamic tire force is expressed as follows

ftire,dyn =

K2 (zw − zr) , if K2 (zw − zr) < ftire,st

0, if K2 (zw − zr) ≥ ftire,st
(2)

where g denotes the gravitational constant and ftire,st = g (Mb + Mw) is the static tire
force. Hence, the ratio of the dynamic tire force to the static force is expressed as
the relative tire force RT F = ftire,dyn/ ftire,st which must be kept RT F < 1. III) Sus-
pension safety: As a significant measure for suspension safety, the relative suspension
deflection (RSD) can be defined as RS D =

zb(t)−zw(t)
zr(t) < 1.

3 Proposed Methodology
Let us assume that some of the parameters associated with the reference system can
change within a permissible range, and the input signal applied to it is a correction
control signal υc. The proposed method replaces the classic adaptive goal in the form of
a reference model with a predetermined optimal trajectory with a tube-based reference
model. Accordingly, by setting the constraints of υc, a set of desirable paths referred to
the performance tube are generated that meet the closed-loop system’s characteristics.
Under the measurements made from the system signals, the adaptive control algorithm
selects a path within the optimal paths from the available tube. However, the critical
issue is formulating a mechanism for selecting an optimal path from the operation
tube. Two primary purposes can be considered; a) the main system’s states and the
output follow the reference system’s states and the output, respectively, and b) meeting
additional criteria by changing υc within the permitted range. It can be shown that
the two purposes are independent of each other, which lets the problem be solved in
two steps. The first step in the T-MRAC design is to find the parametric form of the
control law to ensure the closed-loop system’s stability for each command input to
the reference model and the asymptotic tracking of the optimal paths. The second
step is dedicated to investigating a mechanism to adjust υc in order to attain more
performance requirements for the closed-loop system, such as control effort or meeting
domain constraints in the control signal. The aim is to design the T-MRAC so that the
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closed-loop system follows the following reference system.

Γ̇r = ArΓr + Brυr, υr (t) = r (t) + υc (t) , (3)

where Γr ∈ <
n×1 denotes the reference state variables vector, r (t) is the standard ref-

erence input, Br ∈ <
n×m and Ar ∈ <

n×n are known constant matrices, in which Ar is
stable, and υr ∈ <

m×1 is the reference input vector with the control objective correc-
tion υc (t) ∈ [ υ−c υ+

c ], with υ−c and υ+
c being the specified lower and upper limits,

respectively. The control input υ (t) consisting of the control objective correction υc (t)
and an adaptive term υa (t) can be expressed as υ (t) = υa (t)+υc (t). Accordingly, υc (t)
determines the performance tube associated with the system. The controller design can
be formulated as the following optimization problem:

Minimize J (υc ) = υ2 (t)
s.t : υ−c ≤ υc(t) ≤ υ+

c
(4)

Defining the error signal as e (t) = Γ (t)− Γr (t), the error dynamics can be described as
ė (t) = Γ̇ (t) − Γ̇r (t) = AΓ (t) + Bυ (t) − ArΓr (t) − Brυr (t).

Assumption 2. According to compatibility conditions [10], it is assumed that there
exists a reversible vector gain Ψ∗ = [Ψ∗1,Ψ

∗
2] with constant vector Ψ∗1 ∈ <

n×m and
constant non-zero Ψ∗2 ∈ <

m×m satisfying the following condition: Ar = A + BΨ∗T1 , Br =

BΨ∗2. This implies that, the columns of matrices Ar − A and Br are linear combinations
of the columns of matrix B. Without loss of generality, we assume that Ψ∗2 is positive.

Rewriting the error dynamics we have ė (t) = Are (t) − BΨ∗T1 Γ (t) +

B
(
υa (t) − Ψ∗2r (t) − Ψ∗cυc (t)

)
, where Ψ∗c = Ψ∗2 − 1. The adaptive term associated with

the control law is expressed as υa (t) = ΨT
1 Γ (t) + Ψ2r (t) + Ψcυc (t), where Ψ1 ∈ <

n×m,
Ψ2 ∈ <

m×m, and Ψc ∈ <
m×m are the approximations of Ψ∗1, Ψ∗2, and Ψ∗c, respectively.

Substituting υa (t) into ė (t) gives

ė (t) = Are (t) + B
(
ΨT

1 − Ψ∗T1

)
Γ (t) + B

(
Ψ2 − Ψ∗2

)
r (t) (5)

+ B
(
Ψc − Ψ∗c

)
υc (t) .

The controller design goal is to determine proper adaptive laws to update the vector
gains Ψ1, Ψ2, and Ψc such that the control objective is achieved; i.e. e (t)→ 0 as t → ∞.
Defining the parametric errors Ψ̃1 = Ψ1 −Ψ∗1, Ψ̃2 = Ψ2 −Ψ∗2, Ψ̃c = Ψc −Ψ∗c, and Ψ̃eq =

Ψ̃2 +Ψ̃c which is the approximation of Ψ̃∗eq, yields ė (t) = Are (t)+BΨ̃T
1 Γ (t)+BΨ̃eqυr (t).

It is worth mentioning that Ψ∗1 and Ψ∗2 are constant values, while Ψ1 and Ψ2 are variable
with respect to time. However, this dependency on time is not shown in the equations
for the simplicity of writing.

To investigate the closed-loop stability, let us consider the following Lyapunov
function candidate:

V (t) = eT (t) Pe (t) +
1
2

tr
[
Ψ̃T

1 M−1Ψ̃1

]
+

1
2

tr
[
Ψ̃T

eqM−1Ψ̃eq

]
, (6)

where P ∈ <n×n is a positive definite symmetric matrix and tr [.] denotes the trace of
the matrix. A positive definite matrix Q ∈ <m×m can be defined such that M = Ψ∗eqQ =
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(
Ψ∗eqQ

)T
= QT Ψ∗Teq > 0, where Ψ∗eq = Ψ∗2 + Ψ∗c. Differentiating (6) with respect to time,

substituting M, and choosing P satisfying AT
r P + PAr = −L yields

V̇ (t) = −eT (t) Le (t) + 2eT (t) PBΨ̃1Γ (t) + 2eT (t) PBΨ̃eqυr (t) (7)

+ tr
[ ˙̃ΨT

1 M−1Ψ̃1

]
+ tr

[ ˙̃ΨT
eqM−1Ψ̃eq

]
.

Since L is positive definite, −eT (t) Le (t) is always non-positive. As a result, to re-
alize V̇ (t) ≤ 0 indicating the stability of the closed-loop system, tr

[ ˙̃ΨT
1 M−1Ψ̃1

]
=

−2eT (t) PBΨ̃1Γ (t) and tr
[ ˙̃ΨT

eqM−1Ψ̃eq

]
= −2eT (t) PBΨ̃eqυr (t) must be established.

Considering the foregoing compatibility conditions, the regulation rules ˙̃Ψ1 =

−2QT BrPe (t) ΓT (t) and ˙̃Ψeq = −2QT BT
r Pe (t) υT

r (t) can be derived. Considering υa (t),
the optimization problem (4) with the index J = υ2 (t) = (υa (t) + υc (t))2 has the fol-
lowing solution υopt

c :

υ
opt
c =

−υa (t) , if υa (t) ∈
[
υ−c , υ

+
c
]

arg min
(
J
(
υ−c , υ

+
c
) )
, if υa (t) <

[
υ−c , υ

+
c
] (8)

where J
(
υ+

c
)

and J
(
υ−c

)
represent the values of J for υc (t) = υ+ and υc (t) = υ−, respec-

tively. Accordingly, the controller υ (t) guarantees that the tracking error tends to zero
with minimized control cost. This completes the proof. (See Supplementary material-
Appendix B for detailed stability analysis, and Appendix C for T-MRAC design for the
quarter-car suspension system).

4 Simulation Results and Discussions
The efficiency of the proposed control scheme in terms of ride comfort, wheel-road
connection, and suspension safety will be investigated in detail through simulations,
and its performance is evaluated with respect to MRAC [6] and SMC [7] methods. The
considered parameters for the quarter-car suspension system under study are adopted
from [8]. Three different road profiles are considered to simulate different practical
road situations, namely the bump-dip road [1], a class C random road profile as per the
international organization for standardization (ISO) 8608 [11], and sinusoidal profiles
(for more details on road profiles, see Supplementary material-Appendix D).

The vertical displacement of the vehicle’s body and the wheel is directly related
to the suspension performance, while their vertical speeds are affiliated with the ride
comfort. Figure 1 demonstrates the closed-loop responses of the sprung vertical dis-
placement and speed, RTF and RSD, and the actuator force for all the three profiles.
From the bump-dip section, it can observe that although all the three control approaches
provide a similar wheel displacement performance, the MRAC method fails to pro-
vide a suitable suspension performance in terms of vehicle’s suspension deflection,
and the SMC approach demonstrates an acceptable yet inferior performance as com-
pared with the proposed T-MRAC. Also, the T-MRAC outperforms the MRAC and
SMC approaches by providing more ride comfort and effectively suppressing the vi-
brations arising from the bump-dip road situation. Similar to the bump-dip road, the
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three control approaches demonstrate an analogous wheel displacement performance
in the random road section. However, the T-MRAC outperforms the MRAC and SMC
methods by delivering a more attenuated body displacement performance. Also, more
ride comfort is achieved by T-MRAC, and the vibrations arising from the class C ran-
dom road profile are efficaciously suppressed. Thus, the proposed T-MRAC has a
similar isolation performance with that of the bump-dip road, which confirms the effi-
ciency of T-MRAC by providing more ride comfort. It is evident from the sinusoidal
section that, compared to T-MRAC and SMC methods, the MRAC approach fails to
provide a smooth body displacement performance and attain less ride comfort. How-
ever, although similar to the previous two cases, SMC demonstrates a sort of acceptable
performance yet has some performance degradations with respect to the proposed T-
MRAC, which further validates the vibration suppressing performance of the T-MRAC
method. Also, from the comparative illustration of RTF and RSD in all road situations,
one can observe that the limitations are well-respected and the physical constraints are
guaranteed within their ranges. Furthermore, considering the obtained actuator forces
in all three road situations, the T-MRAC provides better suspension performance with
less effort. For more performance analysis, see Supplementary material-Appendix E.

5 Conclusions
Using the on-line goal adaptation concept, a tube-based MRAC scheme was devel-
oped in this paper to improve the vertical dynamic performance of active suspension
systems in the presence of parameter uncertainties and road disturbances. Three road
profiles were considered to assess the performance of the developed adaptive control
paradigm in terms of ride comfort, road handling, and suspension safety, compared
to conventional MRAC and SMC approaches. The results regarding the developed
T-MRAC demonstrated a superior vibration suppression performance with less con-
trol effort, validating the effectiveness of the theoretical design results. In addition,
it was found that the relative suspension deflection and relative tire force constraints
were well-respected within their permissible ranges and successfully fulfilled the vehi-
cle handling and suspension safety objectives. Furthermore, the obtained comparative
RMS results of the suspension system dynamic output under different road profiles
revealed the superior performance of T-MRAC in terms of ride comfort quality im-
provement and road disturbance mitigation.
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Sinusoidal Road

Bump-dip Road

Random Road

Figure 1: Performance investigation for the three road profiles; a comparison between
MRAC, SMC, and T-MRAC (within the permissible range γ−3 ≤ γ3 ≤ γ+

3 and γ−4 ≤
γ4 ≤ γ

+
4 ). The insets show the details of the regions highlighted by dashed black lines.
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